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1. Introduction
Soon after Pontryagin’s introduction of the character group of a topological abelian group, Vilenkin [18] observed that
for a normed space considered as an abelian group, the character group and the dual space can be identiﬁed (loosely
speaking). In this vein, he introduced the quasi-convex subsets of a topological abelian group (see Section 2 for the precise
deﬁnition). This notion is inspired by the Hahn–Banach Theorem, and it is the counterpart of that of a convex subset
of a topological vector space. This important tool led him to deﬁne the locally quasi-convex groups. Forty years later,
Banaszczyk [4] developed the theory of locally quasi-convex groups, although the primary objective of that book was the
introduction of nuclear groups — a proper subclass of locally quasi-convex groups. The class of Hausdorff locally quasi-
convex groups includes all locally compact abelian groups and locally convex spaces, and it is closed under taking arbitrary
products and subgroups.
The above facts, as well as the classical book of Banach “Théorie des opérations linéaires”, witness that it is an old
project to look at abelian topological groups as a class that embraces the topological vector spaces. Therefore, it is natural
to consider the subgroups of topological vector spaces — as expressed in the title of [4] — and also to try to extend
properties known to hold for locally convex spaces to the broader class of locally quasi-convex groups. Several authors have
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abelian topological groups ([7,8,16], etc.).
Although quasi-convex subsets are the corner-stone of the theory of locally quasi-convex groups, their nature is ap-
parently not well-understood as far as small quasi-convex sets are concerned. Finite quasi-convex sets were discussed
in [1,5,9,10]. This paper is dedicated to countably inﬁnite quasi-convex sets in some familiar locally compact abelian groups
as T, R and the compact group J2 of 2-adic integers. As far as we know, there are no examples of this kind of quasi-convex
sets in the literature.
Let T := R/Z denote the circle group in additive notation, and let ϕ :R → T be the quotient homomorphism. Since the
restriction ϕ[0,1) : [0,1) → T is a bijection, we shall often identify in the sequel, par abus de language, a number a ∈ [0,1)
with its image (coset) ϕ(a) = a + Z ∈ T. Hence, each ϕ(x) = x + Z ∈ T will be identiﬁed with its unique representative
belonging to [0,1) (and so, for example, 1− x represents −x in T, for every x ∈ (0,1]). Let T+ := ϕ([− 14 , 14 ]).
For a sequence a = (an)n in Z, put gn = an+1 − an (the sequence of gaps), rn = 2an+1 ∈ R, xn = 2−(an+1) ∈ T,
Ka := {0} ∪ {±xn | n ∈ N} ⊆ T and Ra := {0} ∪
{±r−1n ∣∣ n ∈ N}⊆ R.
Theorem 1.1. Let a = (an)n be a sequence of positive integers with gn > 1 for every n ∈ N. Then Ka is quasi-convex in T.
The proof of this theorem is exposed in Section 3.3.
Corollary 1.2. Let a = (an)n be a sequence of integers with gn > 1 for every n ∈ N. Then Ra is quasi-convex in R.
Corollary 1.3. Let a = (an)n be a sequence of integers with a0 = 0 and gn > 1 for every n ∈ N. Then QT(Ka) = Ka ∪ (1/2+ Ka).
These corollaries will be easily deduced from Theorem 1.1 using the basic properties of quasi-convexity recalled in Sec-
tion 2 (see Section 3.1). Now we introduce a class of quasi-convex convergent sequences in J2. Let a = (an)n be a sequence
of positive integers, and let yn = 2an−1 ∈ Z.
Theorem 1.4. Let a = (an)n be a sequence of positive integers with gn > 1 for every n ∈ N. Then the set
La := {0} ∪ {±yn | n ∈ N} ⊆ Z
is quasi-convex in J2 .
The proof of this theorem is given in Section 3.4. To emphasize the striking similarity between the proofs of both
theorems, we kept the same articulation in lemmas and claims. Nevertheless, there are some substantial differences and it
is not clear whether one can obtain them from a single more general result.
Remark 1.5. The sets Ka , Ra and La are “hereditarily quasi-convex” in their respective groups in the following sense: Each of
their inﬁnite symmetric subsets containing 0 is quasi-convex. This is due to the fact that every subset with these properties
is of the form Ka∗ , Ra∗ and La∗ respectively, where a∗ is a subsequence of a. Clearly, if a = (an)n satisﬁes an+1 − an > 1 for
every n, then every subsequence of a veriﬁes the same condition.
Properties of quasi-convexity and a series of examples can be found in Section 2, but the reading of the proof of the
main results, exposed in Section 3, requires only Deﬁnition 2.1 (for the proofs of the main theorems) and Lemma 2.6 (for
the proofs of both corollaries). To discuss in detail the relevance of the lacunarity condition gn > 1 in the main results we
dedicate Section 4, where we study a new property (namely, qc-density) antipodal to quasi-convexity. The reading of that
section requires the full strength of Section 2. In Section 5 we propose some open problems, questions, and a conjecture.
Applications of our results to locally quasi-convex topologies on the integers will be given in [2]. In particular, a positive
answer to Conjecture 5.4 can lead to some progress in resolving the problem of Mackey topologies on locally quasi-convex
groups (see [8], [10, §8]), as we will discuss in [2,3].
The main results of this paper were exposed by the ﬁrst named author in a mini-course at the Conference “Advances
in Set-Theoretic Topology” in Erice, Sicily, June 2008. Theorem 1.1 and Corollary 1.3 are part of the PhD thesis [10] of the
second named author.
2. Properties of quasi-convexity
In the sequel, all topological groups are Hausdorff and abelian. For a topological abelian group G , let G∧ denote the dual
of a G , i.e., the group of all continuous homomorphisms (characters) G → T endowed with the compact open topology. The
Bohr topology τ+ is the initial topology on G determined by (G, τ )∧ . We say that (G, τ ) is
• maximally almost periodic (brieﬂy, MAP) if τ+ is Hausdorff;
• precompact if τ+ = τ .
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The precompact groups are precisely the subgroups of the compact groups. The subgroups of the locally compact groups
will be called locally precompact.
Deﬁnition 2.1. For E ⊆ G and A ⊆ G∧ , deﬁne the polars
E = {χ ∈ G∧ ∣∣ χ(E) ⊆ T+} and A	 = {x ∈ G ∣∣ χ(x) ∈ T+, ∀χ ∈ A}.
The set E is said to be quasi-convex if E = E	 .
In general, E ⊆ E	 obviously holds true for every E ⊆ G . Note that E is quasi-convex if and only if for every x ∈ G \ E
there exists χ ∈ E such that χ(x) /∈ T+ . The set QG(E) := E	 , called the quasi-convex hull of E , is the smallest quasi-convex
set of G containing E . We will write Q (G,τ )(E) whenever we need to specify that we are considering G equipped with the
topology τ .
Clearly, any intersection of quasi-convex sets is still quasi-convex. The next fact shows that the computation of the
quasi-convex hull can be reduced to the case of precompact topologies.
Fact 2.2. Consider a MAP group (G, τ ) and a subset E of G. Then Q (G,τ )(E) = Q (G,τ+)(E).
This implies that, more generally, if τ and τ ′ are two topologies on G such that (G, τ )∧ = (G, τ ′)∧ , then Q (G,τ )(E) =
Q (G,τ ′)(E). We shall see below that if (G, τ )∧ = (G, τ ′)∧ then the equality Q (G,τ )(E) = Q (G,τ ′)(E) may fail even if τ  τ ′
(see Example 2.10).
The following example characterizes MAP groups by means of their small quasi-convex subsets.
Example 2.3. ([1]) For a topological group G , the following statements are equivalent:
• G is MAP;
• {0} is quasi-convex;
• {0,±x} is quasi-convex for all x ∈ G .
A topological group is called locally quasi-convex if it admits a base of neighborhoods at 0 formed by quasi-convex subsets.
It is well known that products of locally quasi-convex groups are locally quasi-convex.
Deﬁnition 2.4. ([9], [10, §5,3]) Let G be an abelian topological group. For χ ∈ G∧ , we call the set χ−1(T+) = {χ}	 an
elementary quasi-convex set of G and we denote it by Eχ,G .
The relevance of the elementary quasi-convex sets is given by the simple fact that every quasi-convex set is an intersec-
tion of elementary ones. Note that the ﬁnite intersections provide a local base of τ+ at 0. In particular, precompact groups
are locally quasi-convex. In the sequel we describe the elementary quasi-convex sets in T and R.
For every m ∈ Z, deﬁne ηm ∈ T∧ by ηm(x) =mx. Then T∧ ∼= Z, where we identify ηm with m. Let Tm := ϕ([− 14m , 14m ]).
So,
T+ = T1 ⊇ T2 ⊇ · · · ⊇ Tn ⊇ Tn+1 ⊇ · · ·
is a base of closed neighborhoods of 0 in T.
The elementary quasi-convex sets of T have the form Em,T = {m}	 = {x ∈ T | mx ∈ T+}, so Em,T =⋃mi=1( im + Tm) (see
Fig. 1 for m = 2 and m = 3). In particular, Tm =⋂mi=1 Ei,T . This can be seen using the following property of T, which can be
found (in equivalent terms) already in [17].
Example 2.5. For every m 1, (Tm) = {0,±1, . . . ,±m}.
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hood U = T of 0T has this form [1]. Indeed, let U = ϕ([−r, r]), for some r ∈ (0,1/4]. Then, with k = max{m ∈ Z: r  14m },
U = {m ∈ Z: |m| k} = Tk according to Example 2.5, so U = U	 = T	k = Tk .
To compute R∧ , denote by μ :R × R → R the map deﬁned by μ(x, y) := xy. Then every r ∈ R deﬁnes a continuous
character χr of R by χr(x) = ϕ(μ(r, x)) = ϕ(rx) for x ∈ R. One can prove that these are all the continuous characters of R,
so we can identify R with R∧ via the correspondence r → χr .
The elementary quasi-convex sets of R are described by
Eχr ,R =
⋃
k∈Z
[
k
r
− 1
4r
,
k
r
+ 1
4r
]
,
where r > 0.
One can prove that the convex sets [−a,a] in R are also quasi-convex (see, for instance, [6, p. 79]). Indeed,
[−a,a] =
[
− 1
4a
,
1
4a
]	
,
where the polar is taken in the dual R∧ identiﬁed with R as above. Hence, R (as well as Rn) is locally quasi-convex. Since
every locally compact abelian group contains an open subgroup isomorphic to Rn × K , where K is a compact group, all
locally compact abelian groups are locally quasi-convex.
Finally, we recall here some general properties of quasi-convexity that will be useful in the sequel.
Lemma 2.6. If f :G → H is a continuous homomorphism and E ⊆ H is quasi-convex, then f −1(E) is quasi-convex in G.
Proof. For every character χ : H → T one has ξ = χ ◦ f ∈ G∧ , f −1(Eχ,H ) = Eξ,G and χ ∈ E if and only if ξ ∈ f −1(E) . 
Corollary 2.7. If f :G → H is a continuous homomorphism of abelian topological groups and E ⊆ G, then f (QG(E)) ⊆ Q H ( f (E)).
Remark 2.8. Quasi-convexity of subgroups can be easily described by means of the following notion. A subgroup H of
a topological group G is dually closed in G if G/H is MAP. Clearly, every dually closed subgroup is closed. It is easy to see
that a subgroup H of a topological group G is quasi-convex in G if and only if H is dually closed.
For subgroups of locally precompact groups, the properties “dually closed” and “closed” are equivalent. Therefore, if G is
locally precompact, then H  G is quasi-convex if and only if H is closed.
In the following examples we shall discuss the preservation of quasi-convexity under continuous surjective homomor-
phisms (this should be compared with Fact 2.2 and Lemma 2.6). To this aim, let us ﬁrst ﬁx some notation that will be useful
also in the following sections: For k ∈ N, deﬁne the characters ξk ∈ T∧ by x → 2k · x for all x ∈ T.
Example 2.9. Let a = (an)n and Ka be as in Theorem 1.1. Then Ka is quasi-convex in T, while for k ∈ N the set 2kKa is
quasi-convex in T if and only if k /∈ a. Indeed, by Theorem 1.1 and Corollary 1.3, 2kKa is quasi-convex in T if and only if
1
2 /∈ 2kKa . Therefore, the continuous surjective endomorphism ξan :T → T does not preserve quasi-convexity for all n ∈ N.
One can also get an example of the same phenomenon using ﬁnite quasi-convex sets.
Example 2.10. It is proved in [10, §5.5] that the subset E = {0,±1,±3} of Z is quasi-convex in the discrete topology τd ,
but it is not quasi-convex in every topology τα on Z induced by the embedding χα :Z → T that sends 1 to α, for every
α ∈ T \ Q/Z. So, i(E) is not quasi-convex in (Z, τα), where i is the identity map i : (Z, τd) → (Z, τα).
3. Proof of the main results
In this section we prove ﬁrst Corollaries 1.2 and 1.3 (in Section 3.1) and then we prove Theorem 1.1 in Section 3.3.
Let Λ = {ξk | k ∈ N}. Fix a and consider Ka . Let J := {k ∈ N | ξk ∈ K a }.
Lemma 3.1. J = {k ∈ N | k = an, ∀n ∈ N} = N \ {an | n ∈ N}.
Proof. Note that ξk(xn) = 12an+1−k ∈ T+ if and only if an + 1− k = 1 if and only if k = an . 
The proof of Theorem 1.1 is based on the following idea. Let
Q := (Λ ∩ (Ka))	 = {ξk | k ∈ J }	.
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in Section 3.2). Once we compute Q , it becomes pretty easy to separate the elements of QT(Ka) from the rest of Q via
appropriate characters of the polar (Ka) . Indeed, for Q 3 := (3Λ ∩ (Ka))	 , one obtains QT(Ka) = Q ∩ Q 3.
3.1. Proofs of Corollaries 1.2 and 1.3
Proof of Corollary 1.2. We can assume without loss of generality that all an  0. Indeed, our hypothesis yields that the
sequence an is strictly increasing. If a0 < 0, then for M = −a0 consider the multiplication γ :R → R by the power of 2M .
This is a topological isomorphism of R, so it suﬃces to prove that γ (Ra) is quasi-convex. From now on we identify γ (Ra)
with Ra assuming that an  0 all n.
For every k consider the quotient map fk :R → R/〈rk〉 ∼= T. Let 
k :R → R be the multiplication by r−1k . Then

k(〈rk〉) = Z. Let 
k :R/〈rk〉 → R/Z = T be the induced isomorphism, i.e., the isomorphism making commutative the di-
agram
R

k
fk
λk
R
ϕ
R/〈rk〉 
k T.
Let λk := 
k ◦ fk = ϕ ◦ 
k :R → T be the diagonal map. Then λk(r−1n ) = 2−(an+ak+2) . So for the shifted sequence a∗ = (a∗n)
deﬁned by a∗n = an + ak + 1, one has λk(Ra) = Ka∗ . The subset Ka∗ of T is quasi-convex by Theorem 1.1 as a∗0 > 0 (by our
hypothesis an  0 all n) and all gaps in a∗ are > 1. Hence Ra + 〈rk〉 = λ−1k (Ka∗ ) is quasi-convex in R for all k by Lemma 2.6.
To conclude, observe that Ra =⋂k Ra + 〈rk〉 is quasi-convex in R being the intersection of quasi-convex sets. To check the
non-trivial inclusion
⋂
k Ra + 〈rk〉 ⊆ Ra , ﬁx x ∈
⋂
k Ra + 〈rk〉 and write x = sk +mkrk , where sk ∈ Ra and mk ∈ Z for every
k ∈ N. Choose k such that k > |x| + 1, then the equality mkrk = x − sk yields mk = 0 as |sk| < 1 and |rk| > k. Therefore,
x ∈ Ra . 
Proof of Corollary 1.3. We have a0 = 0, so x0 = 1/2 ∈ Ka . This yields x0 ± xn ∈ QT(Ka) for every n ∈ N. Indeed, if χ ∈ K a ,
then χ(xn) ∈ T+ . Moreover, from χ(x0) ∈ T+ we deduce that χ(x0) = 0, so χ(x0 ± xn) = ±χ(xn) ∈ T+ .
Now note that ξ1(Ka) = 2Ka = Ka∗ , where a∗ = (an − 1)n . Thus 2Ka is quasi-convex by Theorem 1.1 as a∗ has gaps > 1.
It remains to note that ξ−11 (2Ka) = Ka ∪ (1/2+ Ka) is quasi-convex by Lemma 2.6, so QT(Ka) ⊆ Ka ∪ (1/2+ Ka). 
3.2. Binary coordinates in T
For all x ∈ [0,1) there exists a unique sequence (bi)∞i=1 ∈ {0,1}ω such that
x =
∞∑
i=1
bi
2i
(1)
and bi = 0 for inﬁnitely many i. Identifying T with [0,1), we shall use this representations also for the elements of T.
Since in the representation (1) there are inﬁnitely many bi = 0, the maximum strings of digits bi = 1 are ﬁnite. We refer
to these ﬁnite maximum strings of 1’s in (1) as blocks and we identify the string also with the element of T represented by
precisely those digits bi = 1. In other words, each x ∈ T \ {0} can be written as a sum of (possibly ﬁnitely many) blocks:
x = B1 + B2 + · · · + B j + · · · (2)
with B j = 1
2n j+1
+ 1
2n j+2
+ · · · + 1
2m j
= 1
2n j
− 1
2m j
. Call a block B = 1
2n+1 + · · · + 12m :
• degenerate if n + 1=m (i.e., B = 1
2n+1 ), otherwise call it non-degenerate;
• initial if n = 0 (i.e., B = 12 + · · · + 12m = 1− 12m ).
We say that the block B j in (2) is terminal if x= B1 + B2 + · · · + B j . Unlike the above two properties, this one is a property
relative to x and (2), rather than an intrinsic property of the block B j .
Main Lemma. Let x ∈ T. If x ∈ Q , then
x = ±(xn0 − xn1 + xn2 − xn3 + · · ·) (3)
for some (possibly ﬁnite) sequence n0 < n1 < n2 < · · · .
1352 D. Dikranjan, L. de Leo / Topology and its Applications 157 (2010) 1347–1356In other words, Q is contained in the linear span, with alternating coeﬃcients ±1, of the elements of the sequence Ka .
One can prove that these two sets coincide, but this will not be necessary for the proof of our theorem.
In order to prove the Main Lemma, we need the following claims to clarify the block structure of an element x in Q .
Let x =∑∞i=1 bi2i ∈ Q and let (2) be the representation of x as a sum of blocks.
Claim 1. The ﬁrst summand of every non-initial non-degenerate block B j is of the form 12al+2 for some l ∈ N.
Proof. Let B j = 12h + 12h+1 +
bh+2
2h+2 + · · · with h > 1 (and so bh−1 = 0). Then
ξh−2(x) = ξh−2
(
1
2h
+ 1
2h+1
+ bh+2
2h+2
+ · · ·
)
= 1
22
+ 1
23
+ ε /∈ T+
since ε ∈ [0, 18 ). Hence, we conclude from x ∈ Q and Lemma 3.1 that h − 2 /∈ J = N \ {an | n ∈ N}, so h − 2 ∈ {an | n ∈ N}.
Therefore, h = al + 2 for some l ∈ N. 
Claim 2. The last summand of every block B j is of the form
1
2as+1 for some s ∈ N.
Proof. Let bh = 1, bh+1 = 0 (h > 0) be the tail of B j , i.e., B j = · · · + 12h (we do not exclude the case bh−1 = 0, i.e., B j is
degenerate). Then
ξh−1(x) = ξh−1
(
1
2h
+ 0+ bh+2
2h+2
+ · · ·
)
= 1
2
+ ε /∈ T+
because of ε ∈ [0, 14 ). Hence, we conclude from x ∈ Q that h − 1 /∈ J , so h = as + 1 for some s ∈ N. 
Claim 3. Every degenerate block B j has the form B j = xs = 12as+1 for some s ∈ N and B j is terminal. In particular, B1 cannot be initial
and degenerate.
Proof. By Claim 2, B j = 12as+1 for some s ∈ N. Clearly, as − 1 ∈ N because as  a0 > 0. Moreover, gs−1 = as − as−1 > 1 yields
as − 1 /∈ a, so as − 1 ∈ J . Thus
ξas−1(x) =
1
22
+ bh+2
24
+ bh+3
25
+ · · · = 1
4
+ ε ∈ T+.
As ε ∈ [0, 18 ), this is possible only if ε = 0, i.e., B j is terminal.
Assume now that B1 is both degenerate and initial. Then, by the ﬁrst part of Claim 3 already proved, B1 = 12as+1 = xs
for some s ∈ N. On the other hand, B1 = 12 as B1 is initial. Thus as + 1 = 1 and consequently as = 0. This contradicts our
assumption a0 > 0. 
3.3. Proofs of the Main Lemma and of Theorem 1.1
Proof of the Main Lemma. Let x ∈ Q and let (2) be the representation of x as a sum of blocks. We will show that (2) leads
to (3) by using the information we got on the blocks B j in the above claims.
According to Claim 3, there is at most one degenerate block in (2). Let us ﬁrst consider the case when all blocks in (2)
are non-degenerate.
According to Claims 2 and 3, every non-initial block is of the form
B j = 1
2am j+2
+ 1
2am j+3
+ · · · + 1
2
al j+1
= 1
2am j+1
− 1
2
al j+1
= xm j − xl j ,
where l j >mj . On the other hand, if B1 is initial, then
B1 = 1
2
+ 1
22
+ · · · + 1
2an0+1
= 1− 1
2an0+1
= 1− xn0
for some n0 ∈ N. Since B1,1− xn0 and xn0 − xn1 belong to [0,1) we deduce that either
ϕ(B1) = ϕ(1− xn0) = −ϕ(xn0) = −xn0
or
ϕ(B1) = ϕ(xn0 − xn1) = ϕ(xn0) − ϕ(xn1) = xn0 − xn1 ,
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x = B1 + · · · + Bk + · · · = ±(xn0 − xn1 + xn2 − xn3 + · · ·),
where the sum is ﬁnite precisely when x is a 2-torsion element. The sign is “−” when B1 is initial, otherwise it is “+”.
Suppose now that there exists a degenerate block B j for some j  1. Assume j = 1. Then B1, being degenerate, cannot be
initial by Claim 3. So x= B1 = xn0 for some n0 ∈ N by Claim 3. If j > 1, then x= B1 +· · ·+ B j (by Claim 3) and B1, . . . , B j−1
are non-degenerate, and therefore each Bi (i < j) is of the form Bi = xmi − xli for some li > mi , unless B1 is initial, so
B1 = −xn0 . This proves the Main Lemma in case there exists a degenerate block in (2). 
Proof of Theorem 1.1. Assume that x ∈ QT(Ka) \ Ka . Then x ∈ Q so, according to the Main Lemma, x = ±(xn0 − xn1 + · · ·)
for some (possibly ﬁnite) sequence n0 < n1 < · · · . Since Ka , Q and QT(Ka) are symmetric, we can assume without loss of
generality that x= xn0 − xn1 + · · · . Note that χ = 3ξan0−1 ∈ K a as
χ(xn) = 3 · 2
an0−1
2an+1
= 3
2an−an0+2
∈ T+, for all n ∈ N,
because |an − an0 | 2 or |an − an0 | = 0. Now,
χ(x) = 3
4
− 3 · 2
an0−1
2an1+1
+ 3 · 2
an0−1
2an2+1
− 3 · 2
an0−1
2an3+1
+ · · · = 3
4
− 3
2an1−an0+2
y,
where y = 1− 1
2an2−an1 +
1
2an3−an1 −· · · ∈ (0,1), as the sequence (
1
2ank−an1 ) (with ratio 
1
4 ) is decreasing. So χ(x) /∈ T+ . Since
χ ∈ K a , this yields x /∈ Q , which is a contradiction. 
3.4. Proof of Theorem 1.4
For k ∈ N, deﬁne the characters ζk ∈ J∧2 as follows. The quotient J2/2kJ2 is a cyclic group of order 2k , so it is isomorphic
to the cyclic subgroup 〈 1
2k
〉 of T. We denote by ζk the composition of the quotient homomorphism J2 → J2/2kJ2 with the
above mentioned monomorphism J2/2kJ2 ↪→ T. In particular, ζk(m) = m2k for every m ∈ Z.
Fix a and consider La .
Lemma 3.2. Let J := {k ∈ N | ζk ∈ La }. Then J = N \ {an | n ∈ N}.
Proof. Note that ζk(yn) ∈ T+ if and only if k = an . 
Similarly to what we did to prove Theorem 1.1, we compute Q := {ζk | k ∈ J }	 instead of Q J2 (La) = L	a ⊆ Q.
3.4.1. Binary coordinates in J2
For every y ∈ J2 there exists a unique sequence (bi)∞i=1 ∈ {0,1}ω such that y =
∑∞
i=0 bi2i . Observe that every non-
negative y ∈ Z is given by a ﬁnite sum (i.e., bi = 0 for all but ﬁnitely many i), while every y ∈ Z− := {n ∈ Z | n < 0} has
a representation with bi = 1 for all but ﬁnitely many i (e.g., −1 =∑∞i=0 bi2i with bi = 1 for every i). Blocks are deﬁned as
before, but now each y ∈ Z− has a terminal inﬁnite block, while each y ∈ J2 \ Z− is a sum of ﬁnite blocks
y = β1 + β2 + · · · + β j + · · · , (4)
with β j = 2n j + 2n j+1 + · · · + 2mj−1 = 2mj − 2n j , mj > n j . Call a block β = 2n + · · · + 2m−1:
• degenerate if n =m− 1 (i.e., β = 2n), otherwise call it non-degenerate;
• initial if n = 0 (i.e., β = 1+ 2+ · · · + 2m).
Main Lemma∗. Let y ∈ J2 . If y ∈ Q, then
y = ±(yn0 − yn1 + yn2 − yn3 + · · ·)
for some (possibly ﬁnite) sequence n0 < n1 < n2 < · · · .
Proof. Assume that y /∈ Z− and write y = β1 +· · ·+βk +· · · as sum of ﬁnite blocks as in (4). In case y ∈ Z− , we can exploit
the fact that Q is symmetric, so argue with −y ∈ Q.
The following claims clarify the block structure of the elements of Q.
Claim 1∗. The ﬁrst summand of every block β j is of the form 2am−1 = ym, for some m ∈ N.
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β j−1) ∈ (0, 14 ) in case j > 1. Hence ζh+1(x) /∈ T+ , so x ∈ Q yields h + 1 /∈ J . Therefore, according to Lemma 3.2, h = am − 1
for some m ∈ N. 
Claim 2∗. The last summand of every non-degenerate block β j is of the form 2al−2 , for some l ∈ N.
Proof. Let β j = · · · + 2h−1 + 2h (h 1) be the tail of β j . As
ζh+2(y) = ε + 123 +
1
22
/∈ T+
(for ε ∈ [0, 18 )), y ∈ Q implies that h + 2 /∈ J . So h = al − 2 for some l ∈ N. 
Claim 3∗. If a block β j is degenerate, then β j = yl = 2al−1 for some l ∈ N and j = 1.
Proof. By Claim 1∗, β j = 2al−1 for some l ∈ N. If j > 1, then
ζal+1(y) = ε +
1
4
/∈ T+,
as bal−2 = 0 and j > 1, hence ε = ζal+1(β1 + · · · + β j−1) ∈ (0, 18 ). Therefore al + 1 ∈ J and ζal+1(y) /∈ T+ yield y /∈ Q,
a contradiction. Hence j = 1. 
To complete the proof of Main Lemma∗, note that by Claim 3∗ only the block β1 can be degenerate and, in such a case,
β1 = yn0 .
According to Claim 1∗ and Claim 2∗, we can write each non-degenerated block in (4) as
β j = 2am j−1 + · · · + 2al j−2 = −2am j−1 + 2al j−1 = −ym j + yl j , (5)
where mj < l j . In case j = 1 and β1 is initial, we must have β1 = 1+ 2+ · · · + 2n1−2. In this case ζ1(y) = ζ1(β1) = 12 /∈ T+ ,
so 1 /∈ J , i.e., 1 ∈ a by Lemma 3.2. Hence a0 = y0 = 1. Consequently,
β1 = −1+ 2n1−1 = −y0 + yn1 ,
which is compatible with (5).
This gives
y = β1 + · · · + βk + · · · = ±(−yn0 + yn1 − yn2 + yn3 − · · ·),
where the sum may be eventually ﬁnite. 
Proof of Theorem 1.4. Assume that y ∈ Q J2(La) \ La . Then y ∈ Q so, according to the Main Lemma∗, y = ±(yn0 − yn1 + · · ·)
for some (possibly ﬁnite) sequence n0 < n1 < · · · . Since La , Q J2 (La) and Q are symmetric, we can assume without loss of
generality that y = yn0 − yn1 + · · · . Let us see that χ = 3ζan1+1 ∈ La . Indeed,
χ(yn) = 3 · 2
an1−1
2an+1
= 3
2an−an1+2
∈ T+, for all n ∈ N,
because |an − an1 | 2 or |an − an1 | = 0. Now,
χ(y) = 3 · 2
an0−1
2an1+1
− 3 · 2
an1−1
2an1+1
+ 0= 3
2an1−an0+2
− 3
4
= 3
2an1−an0+2
+ 1
4
.
So, χ(y) /∈ T+ as 3
2an1−an0+2
 316 , which is a contradiction as χ ∈ La and y ∈ Q. Therefore, Q J2 (La) = La . 
4. qc-dense subsets
Given a non-quasi-convex subset E ⊆ G , it can happen that the quasi-convex hull QG(E) of E is as large as possible, i.e.,
QG(E) = G . In this case, we say that E is qc-dense in G . Here we give a more precise formulation.
Deﬁnition 4.1. A subset D of an abelian topological group G is said to be:
(a) qc-dense in a subset H ⊇ D of G if H ⊆ QG(D);
(b) nowhere qc-dense if D ∩ U is not qc-dense in any open set U of G containing 0.
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The next result shows that the image of a qc-dense set under continuous surjective homomorphisms is still qc-dense. It
is an immediate consequence of Corollary 2.7.
Lemma 4.3. If f :G → H is a continuous surjective homomorphism of abelian topological groups and E is qc-dense in G, then f (E) is
qc-dense in H.
Obviously, dense sets are qc-dense. Now we shall see a couple of examples of qc-dense subsets of T that are far from
being dense (actually, they are convergent sequences).
Example 4.4 (qc-dense  dense). Given a = (an)n , the compact subsets Ka := {0} ∪ {±2−(an+1) | n  0} ⊆ T and K3,a :=
{0} ∪ {±3−(an+1) | n 0} ⊆ T are qc-dense in T if and only if an = n for every n.
Proof. The compactness is obvious. For the qc-density, it suﬃces to verify that the polar is trivial whenever an = n for all n.
To prove that K a = {0}, pick any 0 = χ ∈ T∧ ∼= Z. Then χ = 2k ·m, where k  0 and m is odd. Then, for x = 2−(k+1) ∈ Ka ,
one has χ(x) = m2 /∈ T+ , so χ /∈ K a . This proves K a = {0}. Similarly, K 3,a = {0}.
Assume now that Ka is qc-dense in T. Suppose that there exists m  1 such that gm = am+1 − am > 1. Consider the
shift ξ2am+1 : Ka → 2am+1Ka = {0} ∪ {± 12gm ,± 12gm+gm+1 , . . .}. Since 12gm  14 and since T+ is symmetric we deduce that
ξ2am+1 (Ka) ⊆ T+ . Therefore, ξ2am+1 (Ka) is not qc-dense in T, and this contradicts Lemma 4.3. A similar argument works
in the case of K3,a . 
The group R has no qc-dense compact sets (in particular, no qc-dense converging sequence) as every interval [−r, r] is
quasi-convex. Nevertheless, we see in the next example that the quasi-convex hull of a converging sequence in R or T may
have a non-empty interior (in other words, a converging sequence in R need not be nowhere qc-dense).
Example 4.5. (a) The set K = {2−n | n ∈ N} ⊆ R has QR(K ) = [−1,1].
Indeed, since [−1,1] is quasi-convex in R and it contains K , it suﬃces to show that QR(K ) ⊇ [−1,1]. To this aim, we
only have to prove the inclusion
K  ⊆ [−1,1] =
[
−1
4
,
1
4
]
. (6)
Fix χr ∈ K  and write r = r0 + s, where r0 ∈ Z and s = r − r0 ∈ [− 12 , 12 ]. Then 1 ∈ K yields ϕ(s) = χr(1) ∈ T+ . Therefore,
s ∈ [− 14 , 14 ] = [−1,1] .
It remains to prove that r0 = 0, so r = s ∈ [−1,1] . Assume for a contradiction that r0 = 0 and write r0 =m · 2k , where
m ∈ Z is odd and k 0. Take y = 1
2k+1 ∈ K . Then
χr(y) = ϕ
(
m
2
+ s
2k+1
)
= ϕ
(
1
2
+ s
2k+1
)
/∈ T+ (7)
since s
2k+1 <
1
4 and consequently
1
2 <
1
2 + s2k+1 < 34 . To ﬁnish the proof of (6) it remains to point out that (7) contradicts
χr ∈ K  .
(b) As multiplication by any a > 0 is a topological isomorphism R → R, for every positive a ∈ R the set Ka = {a2−n | n =
0,1, . . .} ⊆ R satisﬁes QR(Ka) = [−a,a]. In particular, QR({2−n | n n0}) = [−2−n0 ,2−n0 ].
(c) The above property should be compared with the fact that for every M the quasi-convex hull of the (ﬁnite) set
{2−n | 0 n M} is ﬁnite (see Example 4.2).
(d) Applying (b) and Lemma 4.3, we conclude that for every n0  1 the subset K(n)nn0 := {0} ∪ {±2−(n+1) | n  n0} ⊆
T2n0−1 of T is qc-dense in T2n0−1 , so it is not nowhere qc-dense.
Item (a) in the following example characterizes when Ka is nowhere qc-dense.
Example 4.6. For a sequence a = (an)n , recall that gn = an+1 − an , xn = 2−(an+1) ∈ T and Ka = {0} ∪ {±xn | n ∈ N} ⊆ T.
(a) The quasi-convex hull QT(Ka) contains a neighborhood of 0 in T if and only if a is a co-ﬁnite set in N, i.e., all but
ﬁnitely many gn = 1.
(b) Similar property holds with 2 replaced by 3 in item (a) (see [12]).
(c) ([11]) For p = 2,3 the set Kp = {1, p, p2, . . . , pn, . . .} is qc-dense in Jp (the p-adic integers). On the other hand, if
Q Jp (Kp) has a non-empty interior for some prime p, then p = 2,3.
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form Tm , for some m  1. This implies that (QT(Ka)) = (Ka) ⊆ (Tm) . Now, (Tm) is ﬁnite since it coincides with
{0,±1, . . . ,±m} by Example 2.5, therefore J = {k | ξk ∈ K a } ⊆ (Ka) is ﬁnite too. But J = N \ a by Lemma 3.1, hence a
is co-ﬁnite.
⇐ This is (d) from the above example. 
It follows from Remark 2.8 that a qc-dense subset of a locally precompact abelian group G generates a dense subgroup
of G; in other words, every qc-dense subset of a locally precompact group G topologically generates G . The next example
shows that this cannot be inverted.
Example 4.7. According to Theorem 1.1, the compact K = {0} ∪ {4−n | n > 0} ⊆ T is not qc-dense (as QT(K ) = ±K coincides
with Ka where a = (2n)n). Nevertheless, K generates a dense subgroup of T (namely, Z(2∞)).
5. Open questions on quasi-convex converging sequences
Problem 5.1.
(a) Characterize the sequences a = (an) of positive integers such that Ka is quasi-convex in T. Is gn > 1 for all n a necessary
condition?
(b) Characterize the sequences (cn)n of natural numbers such that if xn := cn2an → 0 in T, then the set {0} ∪ {±xn | n ∈ N} is
quasi-convex in T.
(c) Characterize the sequences xn → 0 in T such that the set {0} ∪ {±xn | n ∈ N} is quasi-convex in T.
Is hereditary quasi-convexity (in the sense of Remark 1.5) available in (a), (b) and/or (c)?
Item (a) was answered in [14], in particular, gn > 1 for all n is not a necessary condition for quasi-convexity of Ka .
Problem 5.2. Is it possible to extend these results to primes p > 3?
This problem was resolved recently in [15, Theorems B and C].
Question 5.3. Does every symmetric sequence xn → 0 in T possess a subsequence xnk such that K := {0} ∪ {±xnk | n ∈ N} is
quasi-convex?
Conjecture 5.4. Every symmetric sequence xn → 0 in Z(2∞) admits a subsequence xnk such that K := {0} ∪ {±xnk | n ∈ N} is quasi-
convex.
Problem 5.5. Find a general fact unifying Theorems 1.1 and 1.4.
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